We report finite size numerical investigations and mean field analysis of a Kuramoto model with inertia for fully coupled and diluted systems. In particular, we examine for a Gaussian distribution of the frequencies the transition from incoherence to coherence for increasingly large system size and inertia. For sufficiently large inertia the transition is hysteretic and within the hysteretic region clusters of locked oscillators of various sizes and different levels of synchronization coexist. A modification of the mean field theory developed by Tanaka, Lichtenberg, and Oishi [Physica D, 100 (1997) 279] allows to derive the synchronization profile associated to each of these clusters. We have also investigated numerically the limits of existence of the coherent and of the incoherent solutions. The minimal coupling required to observe the coherent state is largely independent of the system size and it saturates to a constant value already for moderately large inertia values. The incoherent state is observable up to a critical coupling whose value saturates for large inertia and for finite system sizes, while in the thermodinamic limit this critical value diverges proportionally to the mass. By increasing the inertia the transition becomes more complex, and the synchronization occurs via the emergence of clusters of whirling oscillators. The presence of these groups of coherently drifting oscillators induces oscillations in the order parameter. We have shown that the transition remains hysteretic even for randomly diluted networks up to a level of connectivity corresponding to few links per oscillator. Finally, an application to the Italian highvoltage power grid is reported, which reveals the emergence of quasi-periodic oscillations in the order parameter due to the simultaneous presence of many competing whirling clusters.
I. INTRODUCTION
Synchronization phenomena in phase oscillator networks are usally addressed by considering the paradagmatic Kuramoto model [1] [2] [3] [4] . This model has been applied in many contexts ranging from crowd synchrony [5] to synchronization, learning and multistability in neuronal systems [6] [7] [8] . Furthermore, the model has been considered with different topologies ranging from homogeneous fully coupled networks to scale-free inhomogeneous systems [9] . Recently, it has been employed as a prototypical example to analyze low dimensional behaviour in a single large population of phase oscillators with a global sinusoidal coupling [10, 11] , as well as in many hierarchically coupled sub-populations [12] . The study of the Kuramoto model for non-locally coupled arrays [13, 14] and for two populations of symmetrically globally coupled oscillators [15] lead to the discover of the so-called Chimera states, whose existence has been revealed also experimentally in the very last years [16] [17] [18] [19] .
In this paper we will examine the dynamics and synchronization properties of a generalized Kuramoto model for phase oscillators with an inertial term both for fully coupled and for diluted systems. The modification of the Kuramoto model with an additional inertial term was firstly reported in [20, 21] by Tanaka, Lichtenberg and Oishi (TLO). These authors have been inspired in their modelization by a previous phase model developed by Ermentrout to mimic the synchronization mechanisms observed among the fireflies Pteroptix Malaccae [22] . These fireflies synchronize their flashing activity by entraining to the forcing frequency with almost zero phase lag, even for stimulating frequencies different from their own intrinsic flashing frequency. The main ingredient to allow for the adaptation of the flashing frequency to the forcing one is to include an inertial term in a standard phase model for synchronization. Furthermore, networks of phase coupled oscillators with inertia have been recently employed to investigate the self-synchronization in power grids [23] [24] [25] , as well as in disordered arrays of underdamped Josephson junctions [26] . Explosive synchronization have been reported for a complex system made of phase oscillators with inertia, where the natural frequency of each oscillator is assumed to be proportional to the degree of its node [27] . In particular, the authors have shown that the TLO mean field approach reproduces very well the numerical results for their system.
Our aim is to describe from a dynamical point of view the hysteretic transition observed in the TLO model for finite size systems and for various values of the inertia; we will devote a particular emphasis to the description and characterization of coexisting clusters.
Furthermore, the analysis is extended to random networks for different level of dilution and to a realistic case, represented by the high-voltage power grid in Italy. In particular, in Sect. II we will introduce the model and we will describe our simulation protocols as well as the order parameter employed to characterize the level of coherence in the system. The mean field theory developed by TLO is presented in Sect. III together with a generalization able to capture the emergence of clusters of locked oscillators of any size induced by the presence of the inertial term. The theoretical mean field results are compared with finite size simulations of fully coupled systems in Sect. IV; in the same Section the stability limits of the coherent and incoherent phase are numerically investigated for various simulation protocols as a function of the mass value and of the system size. A last subsection is devoted to the emergence of clusters of drifting oscillators and to their influence on the collective level of coherence. The hysteretic transition for random diluted networks is examined in the Sect. V. As a last point the behaviour of the model is analyzed for a network architecture corresponding to the Italian high-voltage power grid in Sect. VI. Finally, the reported results are briefly summarized and discussed in Sect. VII.
II. SIMULATION PROTOCOLS AND COHERENCE INDICATORS
By following Refs. [20, 21] , we study the following version of the Kuramoto model with inertia:
where θ i and Ω i are, respectively, the instantaneous phase and the natural frequency of the i-th oscillator, K is the coupling, the matrix element C i,j takes the value one (zero)
depending if the link between oscillator i and j is present (absent) and N i is the in-degree of the i-th oscillator. For a fully connected networks C i,j ≡ 1 and N i = N; for the diluted case we have considered undirected random graphs with a constant in-degree N i = N c , therefore each node has exactly N c random connections and C i,j = C j,i . In the following we will mainly consider natural frequencies Ω i randomly distributed according to a Gaussian distribution g(Ω) = 1 √ 2π e −Ω 2 /2 with zero average and an unitary standard deviation.
To measure the level of coherence between the oscillators, we employ the complex order parameter [28] r(t)e iφ(t) = 1 N j e iθ j ; (2) where r(t) ∈ [0 : 1] is the modulus and φ(t) the phase of the considered indicator. An asynchronous state, in a finite network, is characterized by r ≃ In general we will perform sequences of simulations by varying adiabatically the coupling parameter K with two different protocols. Namely, for the first protocol (I) the series of simulations is initialized for the decoupled system by considering random initial conditions for {θ i } and {θ i }. Afterwards the coupling is increased in steps ∆K until a maximal coupling K M is reached. For each value of K, apart the very first one, the simulations is initialized by employing the last configuration of the previous simulation in the sequence. For the second protocol (II), starting from the final coupling K M achieved by employing the protocol (I) simulation, the coupling is reduced in steps ∆K until K = 0 is recovered. At each step the system is simulated for a transient time T R followed by a period T W during which the average value of the order parameterr and of the velocities { θ }, as well as Ω M , are estimated.
An example of the outcome obtained by performing the sequence of simulations of protocol (I) followed by protocol (II) is reported in Fig. 1 for not negligible inertia, namely, m = 2 and m = 6. During the first series of simulations (I) the system remains desynchronized up to a threshold K = K c 1 ≃ 2, above this valuer shows a jump to a finite value and then increases with K, saturating tor ≃ 1 at sufficiently large coupling 1 . By decresing K one observes that the value ofr assumes larger values than during protocol (I), while the system desynchronizes at a smaller coupling, namely K c 2 < K c 1 . Therefore, the limit of stability of the asynchronous state is given by K The maximal locking frequency Ω M increases with K during the first phase. In particular, 1 Please notice that in the data shown in Fig. 1 the final state does not correspond to the 100% of synchronized oscillators, but to 99.6 % for m = 2 and 97.8 % for m = 6. However, the reported considerations are not modified by this minor discrepancy. for sufficiently large coupling, Ω M displays plateaus followed by jumps for large coupling:
this indicates that the oscillators frequencies Ω i are grouped in small clusters. Finally, for r ≃ 1 the frequency Ω M attains a maximal value. By reducing the coupling, following now the protocol (II), Ω M remains stucked to such a value for a large K interval. Then Ω M reveals a rapid decrease towards zero for small coupling K ≃ K c 2 . In the next Section, we will give an interpretation of this behaviour.
We will also perform a series of simulations with a different protocol (S), to test for the independence of the results reported for K c 1 and K c 2 from the chosen initial conditions. In particular, for a certain coupling K we consider an asynchronous initial condition and we perturb such a state by forcing all the neurons with natural frequency |Ω i | < ω S to be locked. Namely, we initially set their velocities and phase to zero, then we let evolve the system for a transient time T R followed by a period T W during whichr and the other quantities of interest are measured. These simulations will be employed to identify the interval of coupling parameters over which the coherent and incoherent solutions can be numerically observed. In more details, to measure with this approach K c 1 , which represents the upper coupling value for which the incoherent state can be observed, we fix the coupling K and we perform a series of simulations for increasing ω S values, namely from ω S = 0 to ω S = 3 in steps ∆ω S = 0.05. For each simulation we measure the order parameterr, whenever it is finite for some ω S > 0, the corresponding coupling is associated to a partially synchronized state, the smallest coupling for which this occurs is identified as K In principle, this approach cannot test rigorously for the stability of the coherent and incoherent states, since it deals with a very specific perturbation of the initial state. However, as we will show the estimations of the critical couplings obtained with protocol (S) coincide with those given by protocols (I) and (II), thus indicating that the reported results are not critically dependent on the chosen initial conditions.
III. MEAN FIELD THEORY
In the fully coupled case Eq. (1) can be rewritten, by employing the order parameter definition (2) as follows
which corresponds to a damped driven pendulum equation. This equation admits for sufficiently small forcing frequency Ω i two fixed points: a stable node and a saddle. At larger
Kr m a homoclinic bifurcation leads to the emergence of a limit cycle from the saddle. The stable limit cycle and the stable fixed point coexist until a saddle node bifurcation, taking place at Ω i = Ω D = Kr, leads to the disappearence of the fixed points and for Ω i > Ω D only the oscillating solution is presents. This scenario is correct for sufficiently large masses, at small m one have a direct transition from a stable node to a periodic oscillating orbit at Ω i = Ω D = Kr [29] .
Therefore for sufficiently large m there is a coexistence regime where, depending on the initial conditions, the single oscillator can rotate or stay quiet. How this single unit property will reflect in the self-consistent collective dynamics of the coupled systems is the topic of this paper.
A. The Theory of Tanaka, Lichtenberg, and Oishi Tanaka, Lichtenberg, and Oishi in their seminal papers [20, 21] have examined the origin of the first order hysteretic transition observed for Lorentzian and flat (bounded) frequency distributions g(Ω) by considering two different initial states for the network : (I) the completely desynchronized state (r = 0) and (II) the fully synchronized one (r ≡ 1).
Furthermore, in case I (II) they studied how the level of synchronization, measured by r, varies due to the increase (decrease) of the coupling K. In the first case the oscillators are all initially drifting with finite velocities θ i ; by increasing K the oscillators with smaller natural frequencies |Ω i | < Ω P begin to lock ( θ i = 0), while the other continue to drift.
This picture is confirmed by the data reported in Fig. 1 , where the maximal value Ω M of the frequencies of the locked oscillators is well approximated by Ω P . The process continues until all the oscillators are finally locked leading to r = 1.
In the case (II), TLO assumed that initially all the oscillators were already locked, with an associated order parameter r ≡ 1. Therefore, the oscillators can start to drift only when the stable fixed point solution will disappear, leaving the system only with the limit cycle solution. This happens, by decreasing K, whenever |Ω i | ≥ Ω D = Kr. This is numerically verified, indeed, as shown in Fig. 1 In both the examined cases there is a group of desynchronized oscillators and one of locked oscillators separated by a frequency, Ω P in the first case and Ω D in the second one. These groups contribute differently to the total level of synchronization of the system, namely
where r L (r D ) is the contribution of the locked (drifting) population.
For the locked population, one gets
where
The drifting oscillators contribute to the total order parameter with a negative contribution; the self-consistent integral defining r D has been estimated by TLO in a perturbative manner by performing an expansion up to the fourth order in 1/(mK) and 1/(mΩ). Therefore the obtained expression is correct in the limit of sufficiently large masses and it reads
where g(Ω) = g(−Ω).
By considering an initially desynchronized (fully synchronized) system and by increasing (decreasing) K one can get a theoretical approximation for the level of synchronization in the system by employing the mean-field expression (5), (6) and (4) for case I (II). In this way, two curves are obtained in the phase plane (K, r), namely r I (K) and r II (K). In the following, we will show that these are not the unique admissible solutions in the mentioned plane, and these curves represent the lower and upper bound for the possible states characterized by a partial level of synchronization.
Let us notice that the expression for r L and r D reported in Eqs. (5) and (6) are the same for case (I) and (II), only the integration extrema have been changed. These are defined by the frequency which discriminates locked from drifting neuron, that in case (I) is Ω P and in case (II) Ω D . The value of these frequencies is a function of the order parameter r and of the coupling constant K, therefore by increasing (decreasing) K they change accordingly.
However, in principle one could fix the discriminating frequency to some arbitrary value Ω 0 and solve self-consistently the equations Eqs. (4), (5), and (6) for different values of the coupling K. This amounts to solve the following equation
with θ 0 = sin these states are numerically observables within the portion of the phase space delimited by the two curves r I (K) and r II (K) (see Fig. 3 and Fig. 14) .
B. Linear Stability Limit for the Incoherent Solution
As a final aspect, we will report the results of a recent theoretical mean field approach based on the Kramers description of the evolution of the single oscillator distributions for coupled oscillators with inertia and noise [30, 31] . In particular, the authors in [31] have derived an analytic expression for the coupling K
M F 1
, which delimits the range of linear stability for the asynchronous state. In the limit of zero noise, K
can be obtained by solving the following equation
where g(Ω) is an unimodal distribution of width σ. In the limit m → 0 one recovers the value of the critical coupling for the usual Kuramoto model
For a Lorentzian distribution an explicit espression for any value of the mass can be obtained
which coincides with the one reported by Acebrón et al [30] . For a Gaussian distribution it is not possible to find an explicit expression for any m, however one can derive the first corrective terms to the zero mass limit, namely
On the opposite limit one can analytically show that the critical coupling diverges as
It can be seen that this scaling is already valid for not too large masses, indeed the analytical results obtained via Eq. (8) 
This result, together with Eq. (9), indicates that for both the Lorentzian and the Gaussian distribution the critical coupling diverges linearly with the mass and quadratically with the width of the frequency distribution.
In the next Section we will compare our numerical results for various system sizes with the mean-field result (8).
C. Limit of Complete Synchronization
Complete synchronization can be achieved, in the ideal case of infinite oscillators with a distribution g(Ω) with infinite support, only in the limit of infinite coupling. However, in finite systems an (almost) complete synchronization is attainable already at finite coupling, to give an estimation of this effective coupling K F C one can proceed as follows. Let us estimate the pinning frequencyΩ P required to have a large percentage of oscillators locked, this can be implicitely defined as, e.g.
where by assuming r ≃ 1 one setsΩ P ≃
and from Eq. (13) one can derive the coupling K F C . For a Gaussian distribution the integral reported in Eq. (13) amounts to consider two standard deviations, and therefore one gets
while for a Lorentzian distribution
These results reveal that for increasing mass and width of the frequency distribution the system becomes harder and harder to fully synchronize and that to achieve the same level of synchronization a much larger coupling is required for the Lorentzian distribution (for the same m and σ).
IV. FULLY COUPLED SYSTEM
In this Section we will compare the analytical results with finite N simulations for the fully coupled system: a first comparison is reported in Fig. 3 for two different masses, namely m = 2 and m = 6. We observe that the data obtained by employing the procedure (II) are quite well reproduced from the mean field approximation r II for both masses (solid red curve in Fig. 3 ). This is not the case for the theoretical estimation r I (dashed red curve), which for m = 2 is larger than the numerical data up to quite large coupling, namely K ≃ 5; while for m = 6, a better agreement is observable at smaller K, however nowr reveals a step-wise structure for the data corresponding to procol (I). This step-wise structure at large masses is due to the break down of the independence of the whirling oscillators: namely, to the formation of locked clusters at non zero velocities [20] . Therefore, oscillators join in small groups to the locked solution and not individually as it happens for smaller masses; this is clearly revealed by the behaviour of N L versus the coupling K as reported in the insets of Fig. 3(b) .
A. Hysteretic Behaviour
As already mentioned, we would like to better investigate the nature of the hysteresis observed by performing simulations accordingly to protocol (I) or protocol (II). In particular, the order parameter has a rapid drop towards zero following the upper limit curve r II .
To better interpret these results, let us focus on a simple numerical experiment. We and Ω (I) P are reachable for the system dynamics, however they are quite peculiar.
We have verified that the path connecting the initial state at K I to the curve Ω (II) D (K), as well as the one connecting K F to the curve Ω (I) P (K), are completely reversible. We can increase (decrease) the coupling from K I (K F ) up to any intermediate coupling value in steps of any size ∆K and then decrease (increase) the coupling to return to K I (K F ) by performing the same steps and the system will pass exactly from the same states, characterized for each examined K by the values ofr and Ω M . Furthermore, as mentioned, there is no dependence on the employed step ∆K, apart the restriction that the reached states should be contained within the phase space portion delimited by the two curves Ω (II) D
and Ω (I) P . As soon as the coupling variations would eventually lead the system outside this portion of the phase space, one should follow a hysteretic loop to return to the initial state, similar to the one reported in Fig. 4 . Therefore, we can affirm that hysteretic loop of any size are possible within this region of the phase space. For what concerns the stability of these states, we can only affirm that from a numerical point of view they appear to be stable within the considered integration times. However, a (linear) stability analysis of these solutions is required to confirm our numerical observations.
B. Finite Size Effects
Let us now examine the influence of the system size on the studied transitions, in particular we will estimate the transition points K (dashed orange line in Fig 8 (a) ) for all considered system sizes and masses. However, as shown in the inset of Fig 8 (a) , such curves collapse one over the other if the variables are properly rescaled, suggesting the following functional dependence
where γ = 1/5. This result is consistent with the values of the scaling exponent γ found for fixed mass by fitting the data with the expression reported in Eq. (16) . However, we are unable to provide any argument to justify such scaling and further analysis are required to intepret these results. A possible strategy could be to extend the approach reported in [32] (T R ≃ 1, 000 − 80, 000) has been discarded for protocol (S) (protocol (I) and (II)).
for the finite size analysis of the usual Kuramoto transition to the Kuramoto model with inertia.
C. Drifting Clusters
As already noticed in [20] , for sufficiently large value of the mass one observes that the partially synchronized phase, obtained by following protocol (I), is characterized not only by the presence of the cluster of locked oscillators with θ ≃ 0, but also by the emergence of clusters composed by drifting oscillators with finite average velocities. This is particularly clear in Fig. 9 (a) , where we report the data for mass m = 6. By increasing the coupling K The effect of these extra clusters on the collective dynamics is to induce oscillations in the temporal evolution of the order parameter, as one can see from Fig. 9 (b) . In presence of drifting clusters characterized by the same average velocity (in absolute value), as for m = 6
and K = 5 in Fig. 9 (b) , r exhibits almost regular oscillations and the period of these oscillations is related to the one associated to the oscillators in the whirling cluster. This can be appreciated from Fig. 10 (b) , where we compare the evolution of the istantaneuous velocityθ i for three oscillators and the time course of r(t). We consider one oscillator O 1 in the locked cluster, and 2 oscillator O 2 and O 3 in the drifting cluster. We observe that these latter oscillators display essentially synchronized motions, while the phase velocity of O 1 oscillates irregularly around zero. Furthermore, the almost periodic oscillations of the order parameter r(t) are clearly driven by the periodic oscillations of O 2 and O 3 (see Fig. 10 (b) ).
We have also verified that the amplitude of the oscillations of r(t) (measured as the difference between the maximal r max and the minimal r min value of the order parameter) and the number of oscillators in the drifting clusters N DC correlates in an almost linear manner, as shown in Fig. 11 (b) . Therefore we can conclude that the oscillations observable in the order parameter are induced by the presence of large secondary clusters characterized by finite whirling velocities. At smaller masses (e.g. m = 2) oscillations in the order parameter are present, but they are much more smaller and irregular (data not shown).
These oscillations are probably due to finite size effects, since in this case we do not observe any cluster of drifting oscillators in the whole range from asynchronous to fully synchronized state. The situation was quite different in the study reported in [21] , where the authors considered natural frequencies {Ω i } uniformly distributed over a finite interval and not Gaussian distributed as in the present study. In that case, by considering an initially clusterized state, similar to what done for protocol (S), r(t) revealed regular oscillations even for masses as small as m = 0.85. In agreement with our results, the amplitude of the oscillations measured in [21] decreases by approaching the fully synchronized state (as shown in Fig.11 ). However, the authors in [21] did not relate the observed oscillations in r(t) with the formation of drifting clusters.
As a final aspect, as one can appreciate from Fig. 5 , for larger masses the discrepancies between the measuredr, obtained by employing protocol (I), and the theoretical mean field result r I increase. In order to better investigate the origin of these discrepancies, we report in Fig.11 the minimal and maximal value of r as a function of the coupling K and we compare these values to the estimated mean field value r I . The comparison clearly reveals that r I is always contained between r min and r max , therefore the mean field theory captures correctly the average increase of the order parameter, but it is unable to foresee the oscillations in r.
A new version of the theory developed by TLO in [20] is required in order to include also the effect of clusters of whirling oscillators. A similar synchronization scenario, where oscillations in r(t) are induced by the coexistence of several drifting clusters, has been recently reported for the Kuramoto model with degree assortativity [33] .
V. DILUTED NETWORKS
In this Section we will analyze diluted neural networks obtained by considering random realizations of the coupling matrix C i,j with the constraints that the matrix should remain symmetric and the in-degree should be constant and equal to N c 2 . In particular, we will examine if the introduction of the random dilution in the network will alter the results obtained by the mean-field theory and if the transition will remains hysteretic or not. For this analysis we limit ourselves to a single value of the mass, namely m = 2.
Let us first consider how the dependence of the order parameterr on the coupling constant K will be modified in the diluted systems. In particular, we examine the outcomes of simulations performed with protocol (I) and (II) for a system size N = 2, 000 and different realizations of the diluted network ranging from the fully coupled case to N c = 5. The results, reported in Fig. 12 , reveal that as far N ≥ 125 (corresponding to the ≃ 94% of cutted links) it is difficult to distinguish among the fully coupled situation and the diluted ones. The small observed discrepancies can be due to finite size fluctuations. For larger dilution, the curves obtained with protocol (II) reveal a more rapid decay at larger coupling.
Therefore K c 2 increases by decreasing N c and approaches K c 1 as shown in Fig. 12 (b) . The dilution has almost no effect on the curve obtained with protocol (I), in particular K (as shown in the inset of Fig. 12 (b) ): for such system sizes we observe essentially the same scenario as for N = 2, 000, but already for in-degrees N c ≤ 5 the transition is no more hysteretic. This seems to suggest that by increasing the system size the transition will stay hysteretic for vanishingly small percentages of connected (incoming) links. This is confirmed by the data shown in Fig. 13 , where we report the width of the hysteretic loop W h , measured at a fixed value of the order parameter, namely we consideredr = 0.9.
For increasing system sizes W h , measured for the same fraction of connected links N c /N, increases, while the continuous transition, corresponding to W h ≡ 0, is eventually reached for smaller and smaller value of N c /N. Unfortunately, due to the CPU costs, we are unable to investigate in details diluted systems larger than N = 2, 000.
Therefore, from this first analysis it emerges that the diluted or fully coupled systems, whenever the coupling is properly rescaled with the in-degree, as in Eq. 1, display the same phase diagram in the (r, K)-plane even for very large dilution. In the following we will examine if the mean-field results obtained by following the TLO approach still apply to the circles refer to N = 500, the (red) squares to N = 1000 and the (black) diamond to N = 2, 000.
The dashed lines refer to logarithmic fitting to the data in the range 0.01 < N c /N ≤ 1. In the inset is graphically explained how W h has been estimated, starting from one of the curves reported in Fig. 12 (a) . The data refer to the same parameters and simulation protocols as in Fig. 12 . (7)) is able, also in the diluted case, to well reproduce the numerically obtained paths connecting the synchronization curves (I) and (II) (see Fig. 14 and the inset). (5) and (6) following protocol I (protocol (II)); the (green) dot-dashed curves are the solutions r 0 (K, Ω 0 ) of Eq. (7) 
VI. A REALISTIC NETWORK: THE ITALIAN HIGH-VOLTAGE POWER GRID
In this Section, we examine if the previously reported features of the synchronization transition persist in a somehow more realistic setup. As we mentioned in the introduction a highly simplified model for a power grid composed of generators and consumers, resembling a Kuramoto model with inertia, can be obtained whenever the generator dynamics can be expressed in terms of the so-called swing equation [23, 24] . The self-synchronization emerging in this model has been recently object of investigation for different network topologies [25, 34, 35] . In this paper we will concentrate on the Italian high-voltage (380 kV) power grid (Sardinia excluded), which is composed of N = 127 nodes, divided in 34 sources (hydroelectric and thermal power plants) and 93 consumers, connected by 342 links [34] . This network is characterized by a quite low average connectivity N c = 2.865, due to the geographical distributions of the nodes along Italy [36] . In this extremely simplified picture, each node can be described by its phase φ i (t) = ω AC t + θ i (t), where ω AC = 2π × 50 Hz or 2π × 60 Hz is the standard AC frequency and θ i represents the phase deviation of the node i from the uniform rotation at frequency ω AC .
Furthermore, the equation of motion for each node is assumed to be the same for consumers and generators; these are distiguished by the sign of a quantity P i associated each node: a positive (negative) P i corresponds to generated (consumed) power. By employing the conservation of energy and by assuming that the grid operates in proximity of the AC frequency (i.e. |θ| << ω AC ) and that the rate at which the energy is stored (in the kinetic term) is much smaller than the rate at which is dissipated, the evolution equations for the phase deviations take the following expression [24] ,
To maintain a parallel with the previously studied model (1), we have multiplied the lefthand side by a term α, which in (18) represents the dissipations in the grid, while in (1) corresponds to the inverse of the mass. The parameter α × K now represents the maximal power which can be transmitted between two connected nodes. More details on the model are reported in [23, 24, 35] . It is important to stress that in order to have a stable, fully locked state, as possible solution of (18), it is necessary that the sum of the generated power equal the sum of the consumed power. Thus, by assuming that all the generators are identical as well as all the consumers, the distribution of the P i is made of two δ-function located at P i = −C and P i = +G. In our simulations we have set C = 1.0, G = 2.7353
and α = 1/6. This set-up corresponds to a Kuramoto model with inertia with a bimodal distribution of the frequencies.
As a first analysis we have performed simulations with protocol (I) for the model (18) by varying the parameter K and we have measured the corresponding average order parameter r. As shown in Fig. 15 the behaviour ofr with K is non-monotonic. For small K the state is asynchronous withr ≃ 1/ √ N, thenr shows an abrupt jump for K ≃ 7 to a finite value, then it decreases reaching a minimum at K ≃ 9. For larger K the order parameter increases steadily with K tending towards the fully synchronized regime.
This behaviour can be understood by examining the average phase velocity of the oscil- was exactly locked. Up to K = 9, the really last node of the network, corresponding to one generator in Sicily connected with only one link to the rest of the Italian grid, still continues to oscillate indipendently from the other nodes, as shown in Fig. 16 . Above K = 9 all the oscillators are finally locked in an unique cluster and the increase in the coupling is reflected in a monotounous increase inr, similar to the one observed in standard Kuramoto models (see Fig. 15 ).
By applying protocol (II) we do not observe any hysteretic behaviour or multistability down to K = 9; instead for smaller coupling a quite intricated behaviour is observable. As shown in Fig. 17 starting from K I = 12 and decreasing the coupling in steps of amplitude ∆K = 1, the system stays mainly in one single cluster up to K = 7, apart the last node of the network which already detached from the network at some larger K. Indeed at K = 7
the order parameter has a constant value around 0.2 and no oscillations. As shown in Fig.18 (b) , by decreasing the coupling to K = 6, wide oscillations emerge in r(t) due to the fact that the locked cluster has splitted in two clusters, the separation is similar to the one reported for K = 7 in Fig. 16 . By further lowering K, several small whirling clusters appear and the behaviour of r(t) becomes seemingly irregular for 2 ≤ K ≤ 5 as reported in Fig.18 (b) . An accurate analysis of the dynamics in terms of the maximal Lyapunov exponent has revealed that the irregular oscillations in r(t) reflect quasi-periodic motions, arises as a combination of these different contributions, each corresponding to a different oscillatory frequency. The splitting in different clusters is probably also at the origin of the multistability observed for K < 7: depending on the past history the grid splits in clusters formed by different groups of oscillators and this gives rise to different average values of the order parameter (see Fig. 15 ).
We have verified that the emergence of several whirling clusters, with an associated quasiperiodic behaviour of the order parameter, is observable also by considering an unimodal (Gaussian) distribution of the P i . This confirms that the main ingredients at the origin of this phenomenon are the inertial term together with a short-range connectivity. Thus the bimodal distribution, here employed, seems not to be crucial and it can only lead to an enhancement of such effect.
VII. CONCLUSIONS
We have studied the synchronization transition for a globally coupled Kuramoto model with inertia for different system sizes and inertia values. The transition from incoherent to coherent state is hysteretic for sufficiently large masses. In particular, the upper value of the coupling constant (K c 1 ), for which an incoherent state is observable, increases with the system sizes for all the examined masses. The estimated finite size value K In this paper we focused on Gaussian distribution of the natural frequencies, however we have obtained similar results also for Lorentzian distributions. It would be however interesting to examine how the transition modifies in presence of non-unimodal distributions for the natural frequencies, like bimodal ones. Preliminary indications in this direction can be obtained by the reported analysis of the self-synchronization process occurring in the Italian high-voltage power grid, when the generators and consumers are mimicked in terms of a Kuramoto model with inertia [24] . In this case the transition is largely non hysteretic, probably this is due to the low value of the average connectivity in such a network.
Coexistence of different states made of whirling and locked clusters, formed on regional basis, is observable only for electrical lines with a low value of the maximal transmissible power.
These states are characterized by quasi-periodic oscillations in the order parameter due to the coexistence of several clusters of drifting oscillators.
A natural prosecution of the presented analysis would be the study of the stability of the observed clusters of locked and/or whirling oscillators in presence of noise. In this respect, exact mean-field results have been reported recently for fully coupled phase rotors with inertia and additive noise [31, 37] . However, the emergence of clusters in such systems has
been not yet addressed neither on a theoretical basis nor via direct simulations.
